Bevel tip flexible needle is a novel application in minimally invasive surgery, for it can avoid obstacles by performing a curved trajectory to reach the target. In clinical surgeries, path optimization is a basis for a robot-assisted surgery, and robustness is a crucial issue for an algorithm. However, to the best of our knowledge, none of the researches has an intensive study on the robustness of an algorithm for a bevel tip needle's path optimization. In this article, a path optimization algorithm for a bevel tip flexible needle is proposed based on a mathematical calculation method by establishing an optimization objective function, and the robustness of the algorithm is analyzed regarding to each weighting coefficient of the objective function. Simulation results show that on the one hand, the algorithm can obtain the optimal path effectively in the presence of obstacles; and on the other hand, the optimization function has little sensitivity to any of the weighting coefficients, verifying strong robustness of the algorithm. Experiments for three typical paths are performed, and the accuracy is within 2 mm which fulfills the surgical requirements. The experimental results not only prove the feasibility of the paths obtained by the algorithm but also verify the validity of the proposed path optimization algorithm.
Introduction
Needle insertion is one of the most commonly used medical treatments in minimally invasive surgery and is often used in biopsy and radioactive brachytherapy for cancers, 1 for instance, the radioactive brachytherapy for prostate cancer, as shown in Figure 1 . At present, the steel needle is widely used in clinical operations, however, the straight rigid needle has some disadvantages, such as the deviation of the needle path cannot be corrected and the obstacle (like bones, nerves, veins, etc.) cannot be avoided to reach the target. Researchers have proposed a bevel tip flexible needle to replace the traditional steel needle. [2] [3] [4] [5] The flexible needle possesses such a high flexibility that it is bent because of the lateral force caused by the interaction of the bevel tip and tissue when inserted, so as to correct the deviated path and avoid the obstacles.
The study on path optimization of the flexible needle is the basis for a robot-assisted surgery. However, since the insertion path of the flexible needle is subject to its kinematics, it could not move randomly like common mobile robots, it can just move along a smooth path instead of sharp-turn or cuspate paths. Moreover, the threedimensional (3-D) paths are realized by only two inputs (insertion and rotation of the needle shaft) as well as the constraints between needle and tissue. Thus, the motion system of the bevel tip flexible needle is a nonholonomic system. 2 From this point of view, the path optimization of flexible needle is different from that of a traditional robot, and a common path optimization algorithm is impossible to be directly applied to the flexible needle. This is why the path optimization of the flexible needle is with lots of difficulties.
From the very beginning, the path optimization (or planning) of the flexible needle has been widely researched by scholars all over the world. At present, there are mainly two kinds of methods about the path optimization (or planning) for the flexible needle: one is the random sampling method, [6] [7] [8] [9] [10] [11] [12] [13] and the other is the mathematical calculation method. 5, [14] [15] [16] Random sampling method is to sample randomly in the work space and then to connect the appropriate sampling points in some form to obtain a path. The typical random sampling method includes probabilistic roadmap method 6 and rapidly-exploring random tree (RRT) method, [7] [8] [9] [10] [11] [12] [13] among which the RRT algorithm is commonly used. Since Xu 7 firstly achieved the path planning for the bevel tip flexible needle in a 3-D environment with obstacles based on the RRT algorithm, the RRT algorithm has been rapidly developed in the flexible needle's path planning. Patil et al. proposed reachability-guided (RG)-RRTs algorithm which further developed the RRT algorithm and greatly improved the speed of calculation by using RG method and goal-bias method. 8, 9 Vrooijink et al. 10 and Bernardes et al. 11 also proposed a 3-D dynamic motion planning for a bevel tip flexible needle based on RRT algorithm. Li et al. developed an improved RRT algorithm for the flexible needle's path planning based on environment properties. 12 Our previous work also proposed a path planning algorithm for the bevel tip flexible needle based on an improved RRT algorithm by integrating greedy heuristic and RG strategies, which further improved the speed of calculation and the robustness of searching. 13 The advantage of random sampling method is the easiness in convergence and high searching speed. However, the disadvantage is the nature of searching feasible paths rather than the optimal path, that is, the optimal path is not guaranteed.
In contrast, mathematical calculation method is to attribute a problem to a mathematical optimization problem, which obtains the optimal solution through the calculation of the optimization function. Aiming at the uncertainty of the needle insertion, Alterovitz et al. proposed a motion optimization algorithm which was able to avoid the obstacles in two-dimensional (2-D) environment using Markov decision process.
14 Park et al. established a probability density function for the needle tip's reachability to optimize the path. 15 Duindam et al. used an optimization function to optimize an arc-based path and a helix-based path, respectively, for the flexible needle avoiding 3-D obstacles. 16 Our previous work also proposed a mathematical path optimization algorithm with an objective function. 17 The advantage of the mathematical calculation method lies in its access to the overall or local optimal solution.
In addition, Huo et al. embedded the intelligent optimal algorithm (such as particle swarm optimization) into path optimization of the flexible needle. 18 Du et al. utilized a visual spring model to formulate the flexible needle's bending. 19 Although lots of researches about the flexible needle path optimization (or planning) have emerged, there still remain problems, such as the low robustness, that is, the optimization result is affected badly by the optimization objective function or the weighting coefficients. Unfortunately, to the best of our knowledge, none of the researches has an intensive study on the robustness of an algorithm for the bevel tip flexible needle's path optimization. The contribution of this paper includes that a path optimization algorithm for the bevel tip flexible needle is proposed based on mathematical calculation method by establishing an optimization objective function, the robustness of the algorithm is analyzed regarding to each weighting coefficient of the objective function, and experiments are performed to verify the validity of the proposed algorithm.
Kinematic analysis of bevel flexible needle

Path form analysis
Flexible needle is controlled by two inputs: one is the feed motion u 1 which realizes the insertion; the other is the rotation motion u 2 which controls bending direction of the flexible needle. The coordinated control of these two motions achieves a set of specific configurations of the flexible needle and generates a variety of complex forms of path. When only the feed motion u 1 is applied, the path of the flexible needle will be an arc with a constant curvature (denoted as R), which has little thing to do with the insertion speed, 2 as shown in Figure 2 (a). When the two motions are applied in a time sharing way, arcs with different curvatures (denoted as DR) will be obtained by adjusting the duty cycle of the rotation motor, 20, 21 as shown in Figure 2 (b). When the two motions are applied simultaneously, and the rotation speed is much slower relative to the feed speed, the trajectory will be a helix (denoted as H), 13 as shown in Figure 2 (c); while the rotation speed is much faster than feed speed, and the trajectory will be a straight line (denoted as L) which is approaching to the z-axis, 17 as shown in Figure 2 (d). Comparing the four path forms mentioned above, the R and the L paths are easy to obtain and easy to precisely control, while the DR and H paths need a coordinated control of insertion and rotation of the needle, thus they are with a high control cost, meanwhile they are difficult to realize a precise control. Comprehensively, R and L paths are adopted in the path optimization in this article. According to the motion characteristic, the needle motion is subjected to its kinematics, that is, the path must be smoothly connected by R and/or L, which could be combined to realize complex 3-
. to optimize the insertion path in an environment with obstacles. Note that the L þ L path is not allowable, because it happens to be a cusp in the connection of two lines, which is infeasible for the flexible needle.
Generally speaking, before inserting a segment, there is a need to adjust the orientation of the bevel tip to realize a specific configuration. And the adjustment control of bevel tip is defined as "control degree" (denoted as N). Thus, the control degree can be measured by the number of segments, N ¼ 1, 2, 3, . . . . Because of the existing of the friction between the needle shaft and the tissue, it is difficult to achieve a precise rotational angle of the needle tip. 22 Thus, it is necessary to reduce the control degree N.
Moreover, path form and kinematic calculation have relationship with the control degree N, as shown in Table 1 .
Because different forms of paths lead to the different kinematics, the optimization calculation could not be implemented unless the path form is determined. Thus, we can divide the path forms according to the control degrees, then calculate the optimal path under the same control degree by using "path classification" method, and obtain the overall optimal path under all control degrees by using "player killing" method. We can designate a certain or a few path forms, or designate a certain or a few control degrees, or even we can also designate all the path forms or control degrees when optimization calculation is performed.
Kinematics of flexible needle
The trajectory of the flexible needle accords with the improved unicycle model, 5 as shown in Figure 3 . In the world frame A and the object frame B, the homogeneous transformation matrix of frame B relative to frame A is defined as
where R ab 2 SOð3Þ and p ab 2 R 3 are the rotation matrix and the position of the frame B relative to the frame A, respectively. SO (3) where t is the execution time; g ab ð0Þ is the initial configuration; x is a twist, x 2 R 6 ;x2seð3Þ, se ð3Þ & R 4Â4 is a Lie algebra of the special Euclidean group.
When only the input u 1 is executed (u 2 ¼ 0), the needle generates an arc, and the item in equation (1) 
When the inputs u 1 and u 2 are executed at the same time, and u 2 ! 5u 1 , the path of the needle is a straight line along the insertion direction, and the item expðxtÞ in equation (1) can be calculated as g l ðtÞ % g zl ðtÞg z ðtÞ; ðu 2 ! 5u 1 Þ ð 5Þ
where g zl (t) is the homogeneous transformation matrix of translation along the z-axis.
For the improved unicycle kinematic model considering the deflection and the rebounds b(b 1 , b 2 , b 3 ), the kinematics of the needle for different path forms are as follows
where T is the total execution time; T i is the execution time of the ith segment, T ¼ P n i¼1 T i ; g ab (0) is the initial configuration of the needle, for the path with the first segment of an arc, g ab (0) is the homogeneous transformation matrix of rotation about the z-axis, In addition, considering the optimization of the needle insertion posture, it is necessary to add two parameters of the needle insertion angles, which are q 1 (rotation angle about the x-axis of the frame B) and q 2 (rotation angle about the z-axis of the frame B), as shown in Figure 4 .
Therefore, the whole kinematics is as follows where g x ðqÞ and g z ðqÞ are the homogeneous transformation matrix of rotation about the x-axis and z-axis, respectively.
Path optimization algorithm
Establishment of objective function
The aim of the path optimization algorithm is to find the optimal path which is the shortest, the safest, able to avoid the obstacles, and with the least control cost, while considering the insertion posture. The optimization parameters are the insertion posture q(q 1 , q 2 ) and the control inputs u (u 1 , u 2 ) . Thus, the optimization objective function is established as follows
where T is the total execution time; L is the length of the path; D is the risk degree of the path, which measures the degree of the risk (or on the contrary, the safety) of the path; H is the punishment degree, which will take effect if the needle stabs in an obstacle; N is the control degree; a 1 -a 4 are the weighting coefficients of the objective function.
Realization of sub-objective functions
The first item of the objective function is the length of the whole path. In a simulation, it is reasonable to set u 1 ðtÞ 1, so the length of the path equals the execution time of the needle, which is the summation of individual execution time of each segment
The second item is the risk degree, which is defined as a function of the shortest distance between the path and each obstacle. The smaller the D gets, the safer the path is
where d i is the shortest distance between the path and the ith obstacle, d i ¼ minðjjp no i jj À r o i Þ, where o and r are the origin and radius of a circle, respectively, which represents an obstacle, and n is a point in the path. The third item is the punishment degree, the value of which will be zero if the needle does not stab in any obstacle, while will be an enormous one if the needle stabs in any obstacle. And the fourth item is the control degree, N ¼ 1, 2, 3, . . . . The control degree with 3 is competent for a general clinical surgery, thus we can set 3 as the maximum of the control degree. However, it can be released to 4 or more if necessary.
The weighting coefficients a 1 -a 4 can be selected based on the following robustness analysis of the optimization algorithm.
Robustness analysis of optimization algorithm
The robustness analysis of the optimization algorithm is mainly to analyze the sensitivity of the optimization results regarding to the weighting coefficients. Different from the traditional weighting coefficients, the weighting coefficients in this algorithm have their physical meanings. Taking the path length as a benchmark, the meaning of each weighting coefficient is as follows: a 2 ¼ a indicates that the path is allowed to be close to a particular obstacle (of course, within a safe range), however, under the same control degree as well as other coefficients, the path will be better if it saves more than a mm relative to the former; a 3 ¼ b is to ensure that the value of the function will be an enormous one (>b Â 10 6 ) if the needle stabs in the obstacles; while a 4 ¼ c indicates that when the control degree is increased by one, under the same risk degree and the other coefficients, the path will be considered to be better if it saves more than c mm relative to the former.
When discussing the influence of one of the weighting coefficients to the optimization function, we can allow it change within a reasonable range, while the other coefficients are assumed invariant. According to the physical meanings of the weighting coefficients, we set a 1 1 due to it is the benchmark, the sensitivity of which need not to be analyzed. Because the total path length is about 100 mm in a general clinical surgery, a 2 and a 4 are meaningless if they are with high values according to their physical meanings. And a 3 as the penalty coefficient can be very large to ensure the penalty.
Set the start point of the needle as (0, 0, 0), the target as (0, 0, 90), the radii of the three obstacles as 10, 11, and 13 mm, respectively, and the center position as (0, 30, 50), (0, À5, 40) and (0, À40, 30), respectively. And take the discrete interval time as D ¼ 0.1 s. Taking an example of a flexible needle with the tip angle of 30 , the circular arc radius is r ¼ 63.7 mm. 5 The optimization algorithm is programmed using sequential quadratic programming method with MATLAB ® (version 7.8.0, R2009a; MathWorks, Natick, MA).
Sensitivity analysis of a 2
Set a 1 ¼ 1, a 3 ¼ 10 3 , a 4 ¼ 2, allow a 2 to change in a range of 1 to 10, and set the control degree as 2. When a 2 changes from 1 to 10, effects under different values of a 2 are as shown in Figure 5 .
It can be seen from Figure 5 , the larger the value of a 2 , the greater distance of the path from the obstacles, which is benefit for improving the safety of the insertion. However, if the value of a 2 is particularly large, it will enforce the path far away from the obstacles, although the safety of the insertion is improved, the length of the path is forced to be increased, thus the value of a 2 cannot be too large, generally 1 to 10. And the changing curve of the optimization values is shown in Figure 6 . It can be seen from the figure, in the reasonable range of a 2 , the optimization result changes little. Thus, a conclusion can be drawn that the sensitivity of a 2 is very low to the objective function.
Sensitivity analysis of a 3
Set a 1 ¼ 1, a 2 ¼ 1, a 4 ¼ 2, and a 3 is changed in a range from 1 to 10 9 . The bevel tip angle is also 30 , and the control degree is also 2. The changing curve of the optimization values is shown in Figure 7 .
It can be seen that the optimization result is stable with the change of a 3 , which is reasonable because when the needle does not stab in any obstacle, this item always equals zero. The only difference is that when the needle stabs in an obstacle, the value of optimization function will be varied. Thus, the sensitivity of a 3 to the objective function is null.
Sensitivity analysis of a 4
Set a 1 ¼ 1, a 2 ¼ 1, a 3 ¼ 10 3 , and a 4 is changed from 0 to 10. The optimization result changes are shown in Table 2 .
From the results, it can be seen that a 4 is the switch of the forms of the optimal path, which directly influences the role of the control degree played in the objective function. Since the control degree directly influences the quality of the path, it should be made a full use. It can be seen from Table 2 , the value of a 4 will affect the form of optimal path and the control degree, and thus it is critical and crucial that the values of a 4 should be appropriately selected.
The viewpoint in this article holds that the optimal path is RL with the control degree of 2 (details are available in the next section). Therefore, from the results in Table 2 , the range of a 4 should be set from 1 to 8. The optimization results are shown in Figure 8 .
It can be seen that although the function value linearly increases with the increase of a 4 , the length of the optimal path remains stable, as shown in Figure 8 . Moreover, the path always remains in the form of RL, thus the sensitivity of a 4 to the objective function is very low.
In summary, the sensitivities of the weighting coefficients are all very low to the optimization objective function. Thus, the optimization objective function is stable and with strong robustness regarding to all weighting coefficients.
Simulation and discussion
The simulation condition is the same as above. And set
3 , a 4 ¼2. Here, we set the obstacles as circles in order to simplify the optimization calculation. As for the irregular obstacles, they could be replaced by circles through the following three methods according to their complexity: (1) Circumscribed circle: the obstacle is replaced by a circumscribed circle, which is suitable for the regular obstacles, as shown in Figure  9 (a); (2) segmented circles: the obstacle is segmented by a few circles to envelope the whole obstacle, which is appropriate for the irregular but without large cusp or sunken obstacles, as shown in Figure 9 (b); (3) bordered circles: the edge of the obstacle is enveloped by a series of small circles to border the edge of the obstacle, which is applicable for the very irregular obstacles, as shown in Figure 9 (c). Moreover, the abovementioned methods can be combined to replace the obstacles. And the rule is to guarantee to envelope all the obstacles with fewer circles, which is better for the optimization calculation. Thus, the proposed path optimization algorithm has a universality, which fits for any kinds of obstacles.
The simulation results are obtained as follows: the optimal path with the control degree of 1 is R, as shown in Fig. 10(a) . There is no solution for L form, because in the presence of obstacles, the needle cannot directly reach the target with a linear path. The optimal solutions for three different forms with the control degree of 2 are shown in Figure 10(b) , therein the best one is RL, which is also the optimal path of the whole, as shown in Figure  10 (c). The optimal solutions for five different forms with the control degree of 3 are shown in Figure  10 (d), therein the best one is LRL, as shown in Figure  10 (e). The optimization results of each form of paths are shown in Table 3 .
As shown in Figure 10 and Table 3 , a conclusion can be drawn that (1) the optimal path of each control degree contains the linear path (except for R), because the linear path can shorten the length of path effectively; and (2) the form of RL is the overall optimal path (the value of the optimization function is the least), because on the one hand, although the control degree of R is the smallest and it is easy to control, it has the longest path, thus it cannot be the optimal path on the other hand, although the control degree of RL increases by 1, accordingly the control difficulty is increased, the length of path is much shorter (8.11 mm shorter) than that of R, thus it is better compared to R and as for LRL, although the length of path is a little shorter (0.66 mm shorter) than that of RL, it increases one control degree, which makes the path form complex and difficult to control precisely, resulting that the overall value of the function is increased. Thus, RL is the optimal path on the whole. In order to reveal the priority of the proposed algorithm, we compared it with the commonly used RRTbased algorithm in the same conditions. The step size is 10 mm, and the tolerance (i.e. the allowance between the needle tip and the target) is 1 mm. The optimal result is shown in Figure 11 , if it is valued by the same standard as our proposed algorithm, and the comparison of both best paths generated by the two algorithms is shown in Table 4 .
Through the comparison of the two paths, the path calculated by our proposed algorithm is better in light of the optimization function value. Although the length of the path generated by the RRT-based algorithm appears a little shorter, actually it is with the tolerance of 1 mm to the target. As a matter of fact, its whole path would be longer (if it reached to the target), and meanwhile with a poor accuracy and a high control cost (control degree). Thus, we conclude that the path of our proposed algorithm is overall superior to the RRT-based one.
Experimentation
We chose three typical paths for experimentation: R with the control degree of 1, RL with the control degree of 2, which is also the optimal path overall, and LRR with the control degree of 3. The realization of the three paths can prove the feasibility of various forms of paths. Experimental results are shown in Figure 12 , the comparison between the experimental and theoretical paths is shown in Figure 13 (90 clockwise rotation compared to the experimental directions).
From the comparison between the experimental and theoretical paths, it can be concluded that not only the paths with various forms can be implemented well but also the experimental paths fit the theoretical ones well. The mean square root of the errors is 0.90, and the higher of the control degree, the larger of the errors. The maximal error is 1.48 mm appearing at the end of the LRR, which is reasonable as the control degree increased. The experimental results not only verify the feasibility of the path optimization algorithm but also prove realization of the various forms of paths, moreover, prove the rationality of reducing the control degree.
We also performed the experiment for the RRT-based path in order to make a comparison. The result is shown in Figure 14 .
The results show that the accuracy of the RRT-based path is much inferior to RL path. It is because RL is easy to realize with less control degree, while the other is the opposite. More control degrees will cause more uncertainties and errors, which proves the rationality of reducing the control degree again. RRT: rapidly exploring random trees.
Conclusion
On the basis of kinematics calculation of the flexible needle, and considering the injury on the patient, risk of insertion and difficulty of control, a multiple objective optimization function is established, and a path optimization is carried out in a 2-D environment with obstacles. The physical meanings of the weighting coefficients for the optimization objective function are proposed. The value ranges of the weighting coefficients for a general clinical surgery are determined, and the sensitivities of the weighting coefficients to the optimization objective function are analyzed. According to the physical meanings of the weighting coefficients, the overall optimal path in the simulation results are analyzed and explained, and the experimental verification and comparison with the RRTbased algorithm are carried out.
The results show that:
1. The proposed optimization algorithm is able to calculate optimal path, which proves superior to the RRT-based path; 2. The optimization function has low sensitivity to all the weighting coefficients, thus the optimization algorithm has strong robustness. 3. According to the analysis of the simulation results, the obtained optimal path is reasonable and correct, which proves the rationalities of the physical meanings of the weighting coefficients. 4. The accuracy of the experiment is within 2 mm, which meets the needs of a general clinical surgery, and the maximal error will always appear at the end of the path with the highest control degree, which proves that it is reasonable to consider reducing the control degree.
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